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A new technique presented can offer analytical solutions for the local equilibrium true
countercurrent model to study the simulated moving-bed (SMB) separation process.
This equilibrium theory could be very useful for predicting both optimal and robust
operation conditions for the SMB separation process, if the results can be easily calcu-
lated. However, analytical solution was available only in the limiting case of binary
separation. With this analytical solution for multicomponent systems, the application of
equilibrium theory will be more practical. While developing these solutions, a new way
of applying the well-known w-transformation to nonlinear adsorption system was con-
ceived. This approach may have broader applications than are presented here.

Introduction

Adsorption processes have been used in industry for the
separation of many bulk mixtures. One of the important ex-
amples is the SORBEX process developed by UOP, where a
substituted aromatic compound is separated from its isomers.
This adsorption process is operated in a continuous mode,
where several adsorption columns are connected sequentially
to simulate a moving-bed operation.

A simulated moving-bed (SMB) process is very compli-
cated from both practical and theoretical points of view.
Achieving a periodical flow switching in large scale is itself an
engineering challenge. To design a separation process from
limited information on multicomponent adsorption equilibria
also requires a lot of experience. To add the design of such a
process, a full model, including details such as the delay of
flow by switching valves (Tonkovich and Carr 1996), can be
used. However, a quick way to estimate the proper operation
conditions should also be useful in many occasions. For such
purposes, a simple equilibrium model may be of great value.

A steady-state, local-equilibrium, true countercurrent
(TCC) adsorption model was employed by Storti et al. (1989,
1993, 1995) and Mazzotti et al. (1994, 1996, 1997) in a series
of efforts to study the SMB process. The purpose was to ob-
tain the most important design rules with a simple but ade-
quate model. In this respect, the equilibrium model is rela-
tively easy to work with, and the equivalence between an SMB
process and a TCC adsorption unit has been proven (Ruth-
ven and Ching, 1989).

For a given feed to be separated and a known desorbent,
the outcome of a four-section TCC adsorption unit is deter-
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mined by four operation parameters. These operation param-
eters can be identified as the four normalized fluid /solid flow
ratios (m, to m,) in the TCC sections, or as the switching
times in the SMB unit (Storti et al., 1995).

Based on the w-transformation proposed years ago by Rhee
et al, (1971), a set of criteria could be obtained that guaran-
tee achieving a complete separation in an equilibrium TCC
adsorption unit. Among them, the conditions related to sec-
tions 1 and 4, which discuss purification of the desorbent and
regeneration of the adsorbent, can be written independently
of the others. However, the conditions related to sections 2
and 3, where the separation occurs, are coupled and can only
be expressed as a bounded region on the (m,, m;) parameter
space.

For the separation of a binary mixture, explicit expressions
to outline the complete separation region on the (m,, m;)
plane could be derived (Storti et al., 1993). However, for a
multicomponent system, this region had to be determined by
trial and error (Mazzotti et al.,, 1994, 1996). Specifically, a
system of constrained nonlinear equations had to be solved
for each point on the (m,, m3)} plane. The results were then
checked against the complete separation criteria. To bypass
the tedious calculations, a shortcut method that treated a
multicomponent feed as a pseudobinary system was proposed
(Mazzotti et al., 1994). However, the prediction of the short
cut method was not very accurate.

The simple equilibrium theory would be a useful tool for
the design of SMB processes, or guideline for process evalua-
tion, if the calculation could be made easier. In this article, a
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new technique to solve the equilibrium model is demon-
strated, with which explicit expressions were obtained to out-
line the complete separation region on (m,, m,) plane.

Theoretical Backgrounds

Following the work of Storti et al. (1993) and Mazzotti et
al. (1994), a local-equilibrium, four-section TCC adsorption
unit will be employed to model a SMB process. As illustrated
in Figure 1, the pure fluid streams connecting the sections
will be identified by alphabetical superscripts; the composite
solid streams between sections will be indicated by Greek let-
ters; and the TCC sections will be designated by numerical
symbols. In addition, capital letters D, F, E, and R will be
used to identify the desorbent, the feed, the extract, and the
raffinate streams, respectively.

Following the works just cited, we will index the compo-
nents according to an increasing order of adsorption strength.
The set of components to be collected in the extract stream
will be referred to as group E. The weakest and the strongest
adsorptives in this group will be identified by subscripts Ew
and Es, respectively. Similarly, the components to be col-
lected in the raffinate stream belong to the group R, where
the subscripts Rw, Rs indicate, respectively, the weakest and
the strongest components in this group.

The steady-state material balance in each TCC section can
be written as

i 6,1=0 (1
;[myi_— ;1=0,

where y, and 6, =1/ are, respectively, the composition
and the fractional coverage in the fluid and the adsorbed
phases. The parameter m here is defined, following Mazzotti
et al. (1994), as the ratio between the net fluid mass-flow rate
and that of the adsorbed phase

= Ugpy — U €y Py =uf/us-—ep
(1-¢)u;pI”  (-¢)o ’

@

where the definitions of the symbols are given in the Nota-
tion section. Since uy/u; >0, we have ep/[(l — ep)cr] <m<wx,

The term my, — 6, in Eq. 1 represents the normalized net
flux in the TCC section. With the same notation, the normal-
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Figure 1. Four-section TCC adsorption model used in
this study.
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ized fluxes carried by the fluid and the solid streams connect-
ing the sections will be, respectively, (m + w)y; and (— py, —
6,), where p=¢,/la(1—¢,)] for short.

Within the TCC section, the solid and the fluid phases are
assumed to be in equilibrium at all times. The equilibrium
will be described by a constant selectivity stoichiometric rela-
tionship.

N
6;=K,y/ Z ijj7 3
j=1

where K; are the equilibrium constants (selectivity). This re-
lationship is called a stoichiometric model because the sum
of the fractional coverage always goes to 1. This is different
from the commonly used Langmuir isotherm, and is particu-
larly useful for systems where an upper limit to the overall
adsorbable amount is imposed by the adsorbent saturation
capacity.

Despite its difference, the w-transformation (Rhee et al.,
1971), originally developed for the Langmuir isotherm, can
still be applied to the stoichiometric model. With the «-
transformation, a one-to-one mapping can be established be-
tween the equilibrium compositions and a (N — 1)-
dimensional Q-vector. Given the equilibrium compositions,
the Q-vector components can be found to be the roots to the
equation

N Y.
Y =0. 4

It is known that these roots satisfy the following inequalities
0<K <O, <K, <Oy <Ky 1 2sQy<Ky, (5)

where K; is a root if and only if y;, = 6, = 0. The same set of
roots can also be found by the equation

||:2

=0. (6)

=
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Given the Q-vector, explicit expressions are available (Storti
et al., 1993) to calculate the equilibrium compositions y; and
6;. Furthermore, we have

5Eg‘,1<iyl.=(]d[1<j)/(jﬂzﬂj). N

j=1

Notice that the index for the {)-vector components runs
from 2 to N. This is different from the convention used by
Storti, Mazzotti, and their coworkers. We have taken this in-
dexing scheme to allow for an easier extension to nonstoi-
chiometric systems in the future. Care must be taken when
comparing our results with those of the previous workers.

For the steady operation of a local equilibrium TCC ad-
sorption section, a constant state will eventually be reached.
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The constant state is characterized by the mass-flow ratio m
and the compositions, or the corresponding ()-vector, in the
section. The constant-state ()-vector of the section is a com-
bination of the (l-vectors for the fluid and solid incoming
streams. The exact way to combine the Q-vectors depends on
the value of the parameter mé (Storti et al., 1989; Mazzotti
et al., 1994). Taking section 1 as an example, its constant-state
Q-vector is related to that of the incoming streams a and B
by one of the following relations;

Q' ={0L,08, ... 08 m,s5 <min{Qs,QF)

Q' ={Q4, ..., Q8 QF, ..., Qf)
max{Q¢,Qf} <m; 8, < min{Qf_ ,, QL )}

Q'={Q5,04,...,05)  max{Q%, 08} <m,s,

Q' ={Q4,....00.0,.,QF ..., 0f)

Qf <myd = Q1 < Q5. (8)

Because the four TCC sections are connected in our model,
their constant-states are not independent. An important the-
orem has been proved by Storti et al. (1993) concerning the
achievable states in a four-section TCC adsorption unit. It
states that, under a steady-state operation, the Q-vector of
any fluid or solid stream or that in a TCC section must satisfy
the relation

min{ﬂj‘?, Qf} <Q;< max{Q]D, QJF}, )

where QP and QF are, respectively, the Q-vectors character-
izing the desorbent and the feed streams.

Following Mazzotti et al. (1994), we will assume that the
feed to be separated is free of any desorbent, and that the
desorbent stream is pure. Therefore, QP =K, , for i< D
and QP = K, for D <i. At the same time, either Qf or Q|
will be equal to K,. The preceding theorem can then be sim-
plified to

K,_,<Q,<Qf, 2<i<D

OfF <0, <K;,, D<i<N (10)
for all the ) vectors in the unit.

With the pure desorbent, clean feed assumptions, the nec-
essary and sufficient conditions for achieving a complete sep-
aration can be written as (Mazzotti et al., 1994)

fe=0  fz=0
—FE=fi<0  fi=0
fE=0  Fyg=fz>0
fi=0  fz=0
fo<fa=13<fp an

where the subscripts E and R represent, respectively, all
components belonging to that group, and F = m;—m, is the
normalized feed flow rate.
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However, the preceding conditions are not useful because
one cannot control the flux of the individual component.
Based on Egs. 1, 8, 10, and 11, Mazzotti et al. (1994) were
able to derive the following necessary and sufficient criteria
(the Q-criteria hereafter) on the operation parameters m, ~
m, for:

Kg, <m K, if Kp <Kg,
QE . <mK, ifKg <K, (12)
m, < Kp,/Kp if Kg, <Kp
my, < Q4/K, if Ky <Kpg, (13)

KRS < m; 62 < ()’i‘w = ng’ KRS < m383 < sz

if Kpy < Kg,

O} <my6, <02, =Q%., Q=0 <m,;8,<Q5,

if Kp, < Kp<Kpg,

Qljw<m262<KEw’ ng=9%w<m353<KEw

if Ky, <Kp. (14)

Equations 12 and 13 are explicit if Kz, < K, < K,,. How-
ever, the conditions in Eq. 14 are coupled and cannot be sep-
arated. Together they define a closed region on the (m,, m,)
plane. The purpose of this article is to show that explicit ex-
pressions can be obtained to outline the complete separation
region on the (m,, m;) plane.

Extensions to the Equilibrium Theory

The w-transformation can also be applied to the normal-
ized net flux f; = m; — 6, (hereafter the net flux for short) in
the TCC sections. Let us define a function

N K.t
rw= ¥ 2

i=1 i

+1. (15)
It can be shown {see Appendix A) that

N
N 9. l_[(ﬂi_‘w)
T(w)=(mé - w)[ y ——l—w]=(m8-—w)—l—§v—2————.
i=1 ‘ I—[(Ki_a))
i=1
(16)

In other words, the normalized net fluxes can be mapped to
an N-dimensional space of (m8, ), with Q-vector deter-
mined by the compositions and m determined by the normal-
ized overall net flux. Excluding the trivial case with all f; equal
to zero, the function T(w) just defined is a piecewise contin-
uous function with singularities at those K, where f; does
not vanish.

By our definition, f; can also be written as f;=(mé —
K)0,/K ;. This suggests that either 8, or m8 — K, should be
zero when f; = 0. On the other hand, mé is larger than K, if
and only if f; is positive, while it is smaller than K, if and

i

only if f; is negative. Since we have indexed the components

i
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according to increasing K values, all positive f; should ap-
pear before negative ones.

For the case with K, < m$é, all nonvanishing f; are posi-
tive, and therefore

ar _ N Kif,

> 0. an
d(l) l”‘l(K—w)

Likewise, if mé& < K, all nonvanishing f; are negative and
thus d7/dw < 0.

If m$ falls within the interval [K, K], we have dT/dw
>0 for w <min {mé, Q,,,} and dT/dw <0 for w>max
{m8, Q. ,}. In other words, T(w) is a convex function in the
interval [K,, K, ] with two zeros at mé and ), ,. In the
special case where md = Q, , |, we have d°T/dw? =0 at m$.
These properties can be proved by knowing that 26,(K; — w)
is a monotonously increasing function, while (md — w) is a
monotonously decreasing function.

The w-transformation can also be applied to the normal-
ized fluxes carried by the fluid and solid streams. For exam-
ple, a flux function §*(w) can be defined for the solid stream
a as

NOK - pyt-67]
S w)= Z T‘i—l

i=1

N
[1(Q¢— )
=(—pd*- w)l_z—, (18)

H(Ki— w)

i=1

with 1 characterizing the compositions in the solid stream.
Similarly, a flux function H*(w) can be defined for the
fluid stream « as

N
Q- w)
K. T
HYw)= ZM—Z—LZ)EI—-B"(m—HL)‘_NZ—-, (19)
l H(Ki—w)

i=1
with ¢ characterizing the compositions in the fluid stream.

The material balance at the left boundary of section 1 can
now be written as

THw)=85(w)+ H*(w) 20)

or

(m 86, - w)l_[(ﬂl—w)+(,u,8“+w)n(ﬂ°‘—w)

i=2

N
~8m+wW [[(Q~w)=0. QD
i=2

The zeroth and Nth-order coefficients of this polynomial
equation are always zero. From the rest of the coefficients,
N —1 equalities can be written that relate the parameters m;,
w, QY Q% and Q°
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Figure 2. Constant-state relationship in terms of the flux
functions T(Q), S*(Q), and H-(Q).

With these flux functions, the constant-state relations given
previously can be understood graphically as showed in Figure
2. In this figure we have plotted the flux functions 7 w),
SP(w), and H% w) over the range of interest. Notice that
SA(w) is a piecewise-continuous function with negative slope,
while H% w) is a piecewise-continuous function with positive
slope. The function T'(w), on the other hand, has positive
slope below min {m,8,, Q;.,} and negative slope above
max{m,8;, Qi ).

With the help of this figure, we can rephrase the constant-
state relations as follows: all ! smaller than m; 8, were in-
herited from the left input stream, and those larger than m; 8,
were inherited from the right input stream. If Q) =m,3,,
then dX(T")/dw?=0at m, 8, and Qf < Q) < Qf.

From the material balance equation and the known slopes
of S(w) and H(w), general inequalities between the zeros of
T ), $P(w), and H* w) can be written. If 7Y w) has only
one zero {); between [thl, Kj], one of the following in-
equalities must be true:

=Qf=0Q;. (22

If T'(w) has two zero o and w? between [K;_,, K;], then

one among the following is true:

Vol. 44, No. 2 335



min{a)j‘",ﬂjﬁ}sﬂfsmax{wf,ﬂjﬁ}swje=m181,
a_ o . 1 -]
Qf=Q7=Q; = o
—_ b 3 a 5] a a =]
m;d; = smm{ﬂj,wj }sﬂj smax{Qj,wj },
B=Qb=Q!=w?
Qf =Q7=Q;= o

Q< <0f =0l =m =0 <O < Q.

(23)
These are the relations that Storti et al. (1993) employed to
derive the theorem of achievable states.

Two material balance equations can be written for each
section, leading to 2(N — 1) equalities. The constant-state re-
lations provide another N —1 conditional equalities for each
section. On top of the 12(N — 1) equalities obtained from the
four sections, the material balances at the feed and desor-
bent stream junctions give another 2(N —1) equalities. We
have therefore a total of 14 (N —1) conditional equalities in-
volving 4 m’s and 16 ()-vectors, as indicated in Figure 1. These
variables can be solved if the mass-flow ratios and the }-vec-
tors of the feed and desorbent streams were assigned.

However, as we will demonstrate, it is not necessary to solve
all these equations if we are only interested in the complete
separation operation. In fact, under such conditions two
equations are enough to determine the states in sections 2
and 3.

New Technique to Solve the Equilibrium Model
Logic of the procedures

In the following discussion, we assume that the Q-criteria
have already been satisified in sections 1 and 4, and concen-
trate only on sections 2 and 3. We want to convert the )
criteria for these sections to the (m,, m,) plane without solv-
ing the entire system.

Since we are looking for the necessary and sufficient condi-
tions for complete separation, the results should also satisfy
the flux conditions in Eq. 11. With this understanding, the
normalized net fluxes in sections 2 and 3 should satisfy the
equalities

fo=fb=13=(my = DL, gyl +(my — DL, py]
sz= —Fy£= —-(m3—m2)y£

f2=Fyf=(my—my)yf. 24)

Conversely speaking, given a pair of f, and F values that

guarantee complete separation, we can always find the corre-
sponding m, and m; values by

my=fp+1-FY yF
E

my=fp +1+FY yf. (25)
R

In other words, if a complete separation region on the (fp,
F) plane could be found, one would have no trouble convert-
ing it to the (m,, m;) space. The problem now is to find the
complete separation region on the (fj, F) plane.
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In terms of f;, and F, the flux functions 7*(w) and 73 (w)
can be written as

K
Tz(w)=—£]l)-+1~F-E(m) (26)
—
K
T3 w) = —D—_ffa—) +1- FR(w), Qn

D

where E(w)=Y.K,y//(K,~ 0), Rlo)=LzKyf/(0 - K,
are completely determined by the known feed compositions.
If we were given two zeros w§ and w§ of the function T3 (w),
fp and F can be solved as

fD) wf = Kp wy — Kp K')"F
—f =R( 85’ =] = 3 [
(F (w5 03) § w?-K |\ w?-K | K,
(28)
and
1 KyF(Kp—K,)
==Ry(05,0f)= = —. (29
Fonees ‘V,,;mga—x,.)(wsqq) 29

Similarly, if two zeros w5 and @ are given for the function
T?(w), we will have

1 Kp—wf \[Ky— oS \ K yF
L -E(wf,09)= Y | -2t || -2
F E K, — w; K, — w; Kp
(30)
1 KyF(K,—Kp)
= Ey)(0f,09)=F 2 31

F = (K.~ 0K, - of

At this point, our original problem has been replaced by
finding the complete separation region on some (@®, ©°)
plane. Questions remain to determine whether the zeros of
T%(w) or T*(w) should be used, and to locate the range of
these zeros that guarantees a complete separation. For that,
we can go back to the Q-criteria given by Mazzotti et al.
(1994).

Case I: Strong —Intermediate or Strong Desorbent. Let us
first consider the case where Ky, ,=K;, <K,. The Q-
criteria for this case are Q3,, <m,8, < Ky, O3, <m;8; <
K, and the theorem of achievable state requires that Ky
<0}, <Qf,.

Since f2 are negative according to the necessary flux con-
dition, and positive f; should appear before negative ones, f;,
must also be negative. Because the net fluxes in section 2 are
all negative, we have m, 8, < K, and dT%/dw <0. On the
other hand, positive f3 and a negative f,, imply that T3(w)
has two zeros @ < w§ in the interval [K,,, K] One of
them is O3, and the other is m,8,. Also, we have dT°>/dw >
0at w§ and <0 at »f.

With the ()-criteria we can identify that O3, = 0§ and
¥ =m;8;. The achievable state condition and the Q-cri-
terion on m,8, can then be written as
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3, = 0? < 0f =m;8, <Ky, (32)
and
Ky, < Q%, = 0f <min{Qf,, o7} (33)

Notice that Q3 # Kp, since component Rs must exist in
section 3.

The Q-criterion on m,8, does not need to be repeated
because it is already implied by the preceding inequalities
and the necessary flux conditions. It is easy to see that the
upper limit of m, 8, is implied by the necessary flux condi-
tions. To prove that the lower bound is also satisfied, we use
the material balance T*(w)+ H(w)=T*(w). Since dT*/dw
>0at O}, and O}, < QL , we can conclude that 7°(Q%,,)
=T2(QF,)> 0. On the other hand, we have 7%(m,5,)=0
and dT%dw <0. Thus Q% <m,8, is always satisified if
T2(Qf,)=0.

As demonstrated, the necessary and sufficient conditions
for the zeros wy and w$ can be arrived at very easily from
the Q-criteria. If these criteria were not available, one would
have to go through the constant state relations (Eq. 8) and
inequalities 22 and 23 to obtain these conditions.

Based on Egs. 32 and 33, the complete separation region
on the (0§, wf) plane can be found as indicated by the
region A-B-R-Ws in Figures 3a and 4a. With (o3, »3) val-
ues limited in this region, the complete separation region on
the (f,, F) plane can be constructed from Eqgs. 28 and 29, as
shown in Figures 3b and 4b. We have marked the corre-

a
0.5 1.0 15 2.0 2.5
1.3 T / T K T
-ng/ Ew (a)
1.2 A o R Ws
Ew
4
@ 11 -
1.0 ﬂ‘KRS rB
S
(b)
0.4 ~
F
0.2 -
‘2)/
0.0 @ L ) 4
0.5 1.0 1.5 2.0 2.5
(f+1K,

Figure 3. Complete separation regions on (w3, w3)
and (f2, F) planes for a strong-intermediate
desorbent case.

Kg, = 1.0, yf, =0.25. For group E, K, and yf are 1.98, 2.59,
3.11 and 0.25, 0.1, 0.4, respectively. K, =227 and Qf, =
1.1737. These are the parameters used in Figure 8 of Maz-
zotti et al. (1994).
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Figure 4. Complete separation regions on (o], 3)
and (f2, F) planes for a strong desorbent
case.

For group R, the K; and y/ are 1, 1.11, 2.33 and 0.4, 0.1,
0.25, respectively. For group E, we have Kz, = 3.78 and yf,,
=0.25. Kp=5.56 and Q£,, =2.972. These are the parame-
ters used in figure 9 of Mazzotti et al. (1994).

sponding points on both planes, so that the mapping can be
easily visualized.

Notice that the region boundary on the {fj, F) plane can
be directly calculated from that on the («®, »®) plane. For
example, the line Ws-A is obtained with Kg, < oy <Qf,
and © = K,,,. The line R-Ws is obtained with w§ = Qf, <
w$ < Kg,,. The curve B-R is obtained with K < wf = w3
< QL. At the limit of w§ — Kjg,, both R(w?, »3) and
R,(w?, ®$) go to =, and we have f, - w3/K,—1 and
F—0.

The corresponding regions on the (m,, m;) plane were
given in Figures 5 and 6. To compare our results with that of
Mazzotti et al. (1994), the equilibrium constants used in their
figures 8 and 9 were taken for our Figures 5 and 6, respec-
tively. The results of our explicit expressions match exactly
with their region boundaries found by trial-and-error.

The most important point in these figures is Ws, which
corresponds to the optimal operation conditions predicted by
the equilibrium theory. Its (m,, m,) coordinates can be ex-
plicitly given as

R3(‘Q’£w’ KEw) -1 R3(Q£w’ KEw)

) , (34)
RZ(Q£W7KEW) RZ(QIE?W’KEW)

where

wiws YiF(KD_Ki)
Ry (w2, wi)= . (35
H{0f, 0f) K, }}_:, (a? —K)(w? —K) (35)
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Figure 5. Mapping of the regions in Figure 3 on the (m,,
m,) plane.

Case 2: Weak or Weak — Intermediate Desorbent.  For a weak
or a weak—intermediate desorbent, we have K, < Kz, =
K, _,. For this case, the Q-criteria are Kp, <m,8, <Q3,
= 0%, and Kg, < m;6, < g, while the theorem on
achievable state requires that QL < Q% <Kg,.

According to the new index order, all net fluxes in section
3 should be positive. Therefore, K z, < m;8; and dT*/dw > 0.
At the same time, section 2 has both positive net flux f;, and

1.2 4

0.4

{ 1 4 1 1

0.4 0.6 0.8 1.0 1.2

m,

Figure 6. Mapping of the regions in Figure 5 on the (m,,
m;) plane.
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negative net fluxes fZ2. Therefore, T*(w) has two zeros wy <
w$ in the interval [K ), K, ]. One of them is %, and the
other m, 8,. According to the Q-criteria, we have m, 8, = w5
and of =Q3%,.

Again we can prove (see Appendix B) that K <m;8; <
Q% is implied by the necessary flux conditions and the in-
equalities

Kgs<my8, = 07 <07 =Qf, (36)

max{w?, QL )< 0P =0, <Kg,. 37N
The complete separation region defined by these inequalities
can again be mapped to the (f,, F) plane by Eq. 30 and 31,
then to the (m,, m,) plane by Egs. 25.

Case 3: Intermediate Desorbent. The situations are a little
more complicated when Ky, < K, < Kg,,. The (}-criteria are
Q3 <m,8,< 0% and Q) <my8,<QS,. The theorem of
achievable states requires that Kz, < Q) < min{Q5, K} and
max{K ,, Q5 }< QL <K, Depending on the feed com-
positions, we may have either Qf =K, <Qf , or Qf<
QFf = K,,. At the same time f, can be positive, negative, or
exactly zero.

When f;, <0, all net fluxes in section 2 are negative, while
fa>0and f, <0 in section 3. The analysis is similar to the
strong desorbent case. We have

Kg, < 0? =03 <min{eof, 05} (38)

0F < 07 =m38;<Kp, (39

which is enclosed in the region S-B-R-W in Figure 7a.

When fj, >0, all net fluxes in section 3 are positive, thus
Ky, <m;8;. At the same time, in section 2, we have f, >0
but fZ < 0. By the same analysis as the weak desorbent case,
we find

Kp<owf=m,8, < wy (40)

max{w?, QL Y < w§ =0%, <Kg,, (41)

which is enclosed in the region A-T-S in Figure 7a.

Each of the 0¥, 0§ and w5, wf regions in figure 7a can
be mapped into a region on the (f, F) plane, as shown in
Figure 7b. On the (f,, F) plane, these two regions are con-
nected and share the f, =0 (or (f, + 1)K, =K}) line as a
common boundary. The combined (fj,, F) region can then be
mapped to the (m,, ms) plane, as shown in Figure 8. The
parameters used in these figures are the same as that in Fig-
ure 7 of Mazzotti et al. (1994). For this case the feed compo-
sitions are such that Q5 < K, =0QL,.

Again, the point W in Figure 8 corresponds to the optimal
operation conditions predicted by the equilibrium theory. Its
coordinates in the (m,, ms) plane can be found explicitly as

m2=1+[ZYiF]/
E

KiYiF
SEL [
E QF»« - K,

KiyiF

m3=1+[ZYiF]/[ZE)‘”——I<_ , (43)
R R * i
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Figure 7. Complete separation regions on (of, wj3)
and (f2, F) planes for an intermediate desor-
bent case.

For group R, K; and y,fp are 1, 1.18, 1.90 and 0.4, 0.1, 0.25,
respectively. For group E we have Kz, =3.18, y£, =0.25,
Ky = 2.56 and Qp = 2.4935. These are the parameters used
in Figure 7 of Mazzotti et al. (1994).

where Q7 is the one between Q% and Qf, that is different
from K.

Note that the point W, calculated by our exact solution, is
higher than that suggested by Mazzotti and coworkers. This
is because the complete separation region becomes very nar-
row near this point. It would be very difficult for them to find
such a narrow region through trial-and-error.

Discussions

As we have mentioned, the equilibrium theory is a conve-
nient model for predicting the robust and optimal operation
conditions for the SMB processes. Now that the tedious nu-
merical procedures have been replaced by explicit expres-
sions, the equilibrium theory will be easier to use.

Let us recapitulate the technique used to derive these ex-
plicit expressions. First, new flux functions were defined by
applying the w-transformation to the normalized net fluxes.
Several important properties of these functions were also
identified.

The flux conditions for achieving complete separation were
then taken as the basic requirements. With these require-
ments, only two unknowns, m, and m,, were left in the flux
functions T%(w) and T*(w). These unknowns can be solved
if we know the two zeros for T%(w) or for T*(w). The prob-
lem of finding the complete separation region on the (m,,
m) plane was thus transformed to finding that on the (»®,
»®) plane. The complete separation region on the (0%, ©°)
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Figure 8. Mapping of the regions in Figure 7 on the (m,,
m,) plane.

%) plane can be obtained, with slight modifications, from
the Q-criteria given by Mazzotti and coworkers (1994).

The procedures just described will also work if there were
two kinds of desorbents in the desorbent stream, or if there
were more or fewer sections in the TCC unit. It is also possi-
bie to extend this approach to finding explicit expressions for
regions on the (m,, m5) plane that lead to partial separation,
as discussed by Storti et al. (1995) and Mazzotti et al. (1996).
The extension to systems with nonstoichiometric Langmuir
isotherm also seems possible. All these extensions will be dis-
cussed in future articles.

The application of the w-transformation to the normalized
equilibrium net fluxes in a TCC adsorption section was an
important step in the preceding developments. With this
transformation, the material balance equation could be writ-
ten in the (m§, Q) space, where the system equations may be
easier to solve. This approach could be useful on more occa-
sions than finding the complete separation region of a TCC
adsorption unit. For example, the complete dynamic solution
of a TCC section could be solved much more easily, as shown
in Appendix C. It could even be extended to the steady-state
solution of nonequilibrium models if the mass-transfer coeffi-
cients were assumed the same for all components.
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Notation

f/ =normalized net flux of component i in stream (section) j

F =normalized total flux of the feed stream
L =the length of a TCC adsorption section
t =time
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u =superficial fluid-phase velocity
u, =superficial solid-phase velocity

z =axial coordinate

6 =equilibrium theory parameter, 8 = L Ky,
e =external void fraction
ep =intraparticle void fraction

=overall void fraction, e* = € + ¢,(1— ¢)
F = adsorbed phase saturation capacxry
w =shorthand for € /[0'(1— €, )]

Q =equilibrium theory parameter defined by Eqgs. 4 and 6
py =fluid-phase density

p, =bulk solid mass density

o = capacity ratio, o = p,I'"/p,

7 =dimensionless time, 7 = fu /L
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Appendix A
According to the definition, we have K,f;=(mé — K;) 6,,
thus
R O T T . S . S P
R D
(A1)
Since ¥ 6; =1, we have
0!
T(w)=(m5—-w)ZK — (A2)

Appendix B

According to the necessary flux conditions, all net flux in
section 3 is positive. Therefore, Ky, < m;8; should always

be satisified, and we have dT%/dw > 0. With two zeros for
T*( ) in the same interval, we have dT%/dw <0 at Q% =
w?. This and Qf, < Q% lead to the conclusion that
T2(QF,)=TXQEL,) >0, which, with dT/dw > 0, gives

m353SQ§wSQéw= [E/w‘ (Bl)

Because H(w)= H(w)+ H (), and the H functions
have positive slopes, we have the inequality

min{Q%,, 05, < Q5 <max{Qf,,Q%,}. (B2)

Combining this with Eq. B, we can prove that m;8, < QF,
< Q%, < Q5. In other words, Ky, < m;8; < Q%,, is always
satisified if the necessary flux conditions and Inequalities 36
and 37 are obeyed.

Appendix C

If we divide the transient material balance equation by K;
— w and sum over all components and multiply by the factor
I'(K, — w), we will obtain

P [(m6 - o) H (Q, - w)}

3 N
—“[(—Aﬁ—w)n(ﬂi~w)}=0, (CD)
oT i=2

where £ =z/L, r=tu /L, A= €*/[o(1—¢,)]>0 and €*
the total void fraction.

After expanding the derivatives and substituting 1, for o,
we have

I, a0
[mﬁ—-Qk]—(9§—+[)\6+Qk] o7 =0 (C2)

or

dé¢ mé— A,

. 3
AS + O )

ar o,

This describes the movement of the constant Q, characteris-
tic line on the ¢ — 7 plane.

If mé > Q,, then the constant characterlstlc traces back to
the £ =0 boundary. If Q, <mé, then the constant charac-
teristic line traces back to the ¢ =1 boundary. Thus, all (; <
mé were inherited from the left, and all Qj >mé were In-
herited from the right.
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